bijection between del Pezzo surfaces containing Σ and E n -bundles over Σ [5, 6, 8, 13, 18] .
Such an identification was predicted by the F-theory/string duality in physics [8] . This was generalized to all simple Lie algebras in [13, 14] .
When n= 9, X 9 is not Fano and E 9 =Ê 8 is an affine Lie algebra. Corresponding results for theÊ 8 -bundle over X 9 are obtained in [12] .
In this paper, we explain how the geometry of X 9 can be reflected by the deformability of theÊ 8 -bundle EÊ 8 0 over it. Similar results for X n and E E n 0 with n≤ 8 can be easily deduced from this case. Among other things, we obtained the following results. (ii) X 9 has a (maximal) AD E curve C of type g if and only if EÊ 8 0 is (maximal) Q1 g-deformable.
Theorem 1 (Theorem 8). EÊ
(iii) X 9 has a (maximal) affine AD E curve C of typeĝ if and only if EÊ Here ADE means Lie algebras of types A n , D n , E 6 , E 7 and E 8 , where n can be any nature numbers.
The organization of this paper is as follows. Section 2 gives the construction of the (affine) AD E Lie algebra bundles over X n . In Section 3, we state the definition of deformability and the main theorems. Section 4 studies the negative curves in X 9 . The proofs of the main theorems are in Section 5.
2 E n -Bundle Over X n with n≤ 9 The Picard group Pic(X n ) ∼ = H 2 (X n , Z) is a rank n + 1 lattice with generators h, l 1 , . . . , l n , where h is the class of lines in P 2 and l i is the exceptional class of the blow-up at x i .
So
. The canonical class is Then Φ n is a root system of type E n when n≤ 8 and Φ 9 is an affine real root system ofÊ 8 (also denoted as E 9 ). More explicitly, ΦÊ 8 := Φ 9 ∪ {mK X 9 |m = 0, m ∈ Z} forms a root system of (untwisted) affine E 8 := {mK X 9 |m = 0, m ∈ Z} the set of imaginary roots (see [10] or [12] 
The Lie algebra structure on EÊ 8 0 is explained in [12] . When n≤ 8, E
is an E n -bundle over X n .
Remark 3.
We can construct anÊ 8 -bundle over a blowup of F m (Hirzebruch surface) at eight points similarly [3] .
curve of type g (respectively,ĝ) if each C i is a smooth (−2)-curve in X and the dual graph of C is a Dynkin diagram of the corresponding type.
Suppose C = ∪C i is an (affine) AD E curve of type g in X n , then C i 's generates a subroot system Φ inside Φ n since C i · K = 0 for every i. Therefore, the corresponding bundle E g 0 is a Lie algebra subbundle of E E n 0 . Suppose E g 0 is a g-bundle over a surface X corresponding to a root system Λ g ⊂ Pic(X) of type g. In order to describe EÊ 8 0 as a central extension of a loop Lie algebra bundle over X 9 , we pick any smooth (−1)-curve l in X 9 , then we have
where E E 8 0 is the pull-back of the E 8 -bundle over X 8 via π : X 9 → X 8 , the blow down map of l. The next proposition describes the converse. 
acts on the set of all root bases ofÊ 8 simply transitively [11] and W(Ê 8 ) acts on the set of (−1)-curves [12] , we only need to find l for one particular root base of any E 8 inÊ 8 and show that such a l is unique. For example, if we take
. . 8, then we can take l = l 9 and by the condition
3 Deformability of such EÊ 8 0
In this section, we will describe relationships between the geometry of X 9 and the deformability of EÊ 8 0 . Recall when Pic(X) contains a lattice Λ isomorphic to a root lattice Λ g , then we have a g-bundle E over X [5, 8, [12] [13] [14] .
Infinitesimal deformations of holomorphic structures on E are parameterized by
, and those which also preserve the Lie algebra structure are parame-
Hence we introduce the following definitions.
Definition 7.
(i) E is called fully deformable if there exists a base Δ ⊂ Φ such that
(ii) E is called h-deformable if there exists a strict h Lie algebra subbundle After the definition of deformability, we state the main results of this paper in the following two theorems.
Theorem 8. EÊ
8 0 over X 9 is totally nondeformable if and only if the nine blowup points in P 2 are in general position.
Let us recall some facts about elliptic fibrations on X 9 [15, 17] . Any elliptic fibration on X 9 must be relatively minimal, that is, there is no (−1)-curves in any of its fibrations, as there is no elliptic fibration on X 8 , this is because the Euler characteristic of any elliptic surface is a multiple of 12 [7] and also χ(X 9 ) = 12. There is at most one multiple fiber [9] , say of multiplicity m. This happens precisely when there exists an irreducible pencil of degree 3m in P 2 with nine base points, each of multiplicity m and X 9 is the blow up of P 2 at these nine points. We can characterize the existence of such an elliptic fibration on X 9 in terms of deformability of EÊ (ii) X 9 has an (maximal) AD E curve C of type g if and only if EÊ 8 0 is (maximal) g-deformable.
(iii) X 9 has a (maximal) affine AD E curve C of typeĝ if and only if EÊ
Here, we say an AD E or affine AD E curve C is maximal if it is not proper contained in another AD E or affine AD E curve. We say EÊ In this section, we study negative rational curves in X 9 . We can get corresponding results for X n with n≤ 8 from this n= 9 case. Definition 11 ([12] ). Let x 1 , . . . , x 9 be nine points in P 2 , we say they are in general position if they satisfy the following three conditions:
(i) they are distinct points in P 2 ;
(ii) they are nonspecial with respect to Cremona transformations;
(iii) there is a unique cubic curve passing through all of them.
The conditions (i) and (ii) mean that any eight of these nine points are in general position. That is, no lines pass through three of them, no conics pass through six of them, and no cubic curves pass through eight of them with one of the eight points being a double point.
If the 9 blowing up points are in general position, then there is no effective (−2)-class in X 9 [12] . In general, there are at most finite number of (−m)-curves with m ≥ 3.
(ii) 0 ≤ a ≤ 3;
(iii) −1 ≤ a i ≤ 2 for all i, and there exists some j with a j = 1;
(iv) there are finite number of such curves. From the above two equations, we have
Proof. (i) Since D is a (−m)-curve, D · D = −m and D
, also a ≥ 0 since D is effective, hence m ≤ 12.
When m ≥ 10, we must have a = 0, that means a (iv) It is obvious from the above results.
From this lemma, we can easily obtain the following as a corollary. (ii) If C is reduced and irreducible, then it must be a nodal or cuspidal cubic. 
Hence D is an irreducible curve or a affine AD E curve, we are done.
In the following two lemmas, we will use [1, Lemma 2.21] to give a criteria of a curve in X n being an AD E or affine AD E curve. Lemma 2.21 can be reformulated as
C is an AD E curve, otherwise, it is an affine AD E curve. For n= 9 case, we have the following lemma.
Lemma 16. Suppose −K X 9 is nef. Let C = ∪C i be a connected curve in X 9 . If C · K X 9 = 0 and C i + K X 9 is not effective for each i, then C is a smooth elliptic curve, an AD E curve or an affine AD E curve.
We have C 2 i ≤ 0 and (C i + C j ) 2 ≤ 0 for any i and j. Moreover, for any effec- 
(ii) If X has an AD E curve C of type g, we can use it to construct a fully deformable g-subbundle of EÊ 
